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Abstract

This paper analyzes the response of the wealth distribution to changes in the economic en-
vironment. I show that the first-order response of top wealth shares to a shock at some horizon
is determined by the average wealth response of individuals projected to be in the top per-
centile at this horizon. This simple result helps to isolate the key forces and empirical moments
that determine the dynamics of top wealth shares in response to various counterfactual scenar-
ios. I'leverage this framework to revisit existing issues in the inequality literature, such as the

effect of transitory and permanent shocks in asset returns on the wealth distribution.
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Introduction

An important goal for policymaking is to understand what drives realized movements in the
wealth distribution or how different economic policies would affect wealth inequality. One com-
mon way to answer these questions is to build models of the wealth distribution and use them to
simulate the effect of policy changes on wealth inequality. One drawback of these models is that
they can be fairly complex, making it challenging to discern the key forces within them that are
responsible for specific outcomes.

To help strengthen the credibility of this structural approach, this paper develops a tractable
and transparent framework to analyze the response of top wealth shares to various counterfactual
scenarios. The key insight is that, in a large class of models, the first-order response of top wealth
shares at some horizon & is determined by the average response of individuals projected to be in
the top percentile at horizon h. This simple result allows me to derive closed-form formulas for the
dynamics of top wealth shares in response to perturbations in the dynamics of individual wealth.

This framework sheds light on the mechanism behind the impulse response of top wealth
shares to various economic shocks. This is useful for researchers who want to better understand
the impulse responses implied by structural models or the ones estimated empirically using lo-
cal projection methods. Conversely, it also allows researcher to compute more credible coun-
terfactuals, by indicating the set of empirical statistics that a model needs to match to generate
credible counterfactuals. Additionally, under common assumptions on consumption function,
this framework can also serve as a simple accounting framework to trace out the dynamics of
top wealth shares under various counterfactuals, improving existing methods used by reduced-
form researchers that abstract from composition changes (e.g. Saez and Zucman, 2016, Martinez-
Toledano, 2020).

The paper is organized in three parts. In the first part, I show that, in a wide range of models,
the first-order response of the average wealth in a top percentile is simply given by the aver-
age wealth response of individuals in the top percentile. Put differently, while economic shocks
typically generate composition changes in the top percentile, these changes are second-order for
the response of the average wealth in top percentiles. To understand why, note that composi-
tion changes are equal to the product between the relative mass of individuals entering the top
percentile and the average impact of these entrants on the average wealth in the top percentiles.
Because both terms are first-order in the size of the perturbation, their product is second-order.

This result can be used to trace out the entire impulse response function of top wealth shares
to shocks. Note, however, that the response of the average wealth in a top percentile at horizon
h is equal to the average wealth response of individuals who will be in the top percentile at horizon
h, rather than the individuals initially in the top percentile (i.e., at # = 0). Put differently, al-
though composition changes in top percentiles due to small shocks are second-order, composition



changes due to the normal passage of time are not.! Still, this does not substantially complicate
the application of this formula as composition changes in the baseline economy are observable.

To examine the accuracy of this first-order approximation, I also derive a second-order approx-
imation for the response of the average wealth in top percentiles. This second-order term, that cap-
tures the effect of composition changes, increases with the relative mass of individuals around the
percentile threshold and the heterogeneity in the response of individual wealth. Hence, holding
other things equal, one can expect the first-order approximation to be more accurate for distribu-
tions that are highly unequal and for policy changes that tend to affect all rich individuals in the
same way.

Second, I use this approach to characterize the impulse response of top wealth shares to
changes in the dynamics of individual wealth in a wide range of random-growth models. I first
focus on the simple case in which individual wealth follows a random walk, subject to some popu-
lation renewal (e.g. death or population growth). In this case, I obtain a simple formula expressing
the response of top wealth shares to a permanent change in individual growth rates in terms of
the distribution of ages. In particular, the long-run elasticity of top wealth shares to individual
growth rates is given by the difference between the wealth-weighted average age of individuals
in the top percentile and individuals in the overall economy.

This simple result survives a number of extensions. I first consider a type-specific change in
growth rates: in this case, the concept of age must be redefined as the average number of years
spent in that type. I then consider a model in which individual wealth follows a random walk with
an additive term (e.g. unexpected bequests): in this case, the concept of age must be redefined as
an index that discount previous periods based on the relative significance of the additive factor in
individual wealth growth.

I then consider existing calibration of random-growth models in the literature and I demon-
strate that there is a dramatic heterogeneity in the distribution of age across the wealth distribu-
tion, and, therefore, of the elasticity of top wealth shares to various shocks in individual growth
rates (by an order of magnitude). This implies that these models predict very different responses
for the exact same counterfactual.

Finally, in the last part of the paper, I leverage my analytical results to set up and calibrate a
flexible model of wealth accumulation. I ensure that the model exactly matches the relative im-
portance of labor income and bequest across the wealth distribution, as measured using data from
the Survey of Consumer Finances and the Forbes 400 list. Indeed, the analytical results discussed
above suggest that this plays a key role for the effect of counterfactual shocks on individual wealth
on top wealth shares. I argue that the calibrated model provides credible and transparent answers
to important questions in the inequality literature such as: What is the role of labor income in-

equality and bequests for wealth inequality? How would top wealth shares evolve if the average

1Such composition changes are non-infinitesimal even if the time horizon is infinitesimal, since individuals experi-
ence large idiosyncratic shocks as emphasized in Gomez (2023).



return on wealth were to increase? How does the wealth distribution respond to transitory or

permanent shocks on the returns of specific assets?

Literature review. Thereis a growing literature trying to understand the effect of various changes
in economic environment on wealth inequality. One strand of the literature has turned to large
macro models that are able to capture the rich heterogeneity of the micro data (e.g. De Nardi,
2004, Kaymak and Poschke, 2016, Benhabib et al., 2019, Peter, 2019, Hubmer et al., 2021, Guve-
nen et al., 2023...). One drawback of these models is that they can be fairly complex, making it
challenging to discern the forces within the models that are responsible for specific outcomes.

Another strand of the literature relies on more stylized and analytically tractable “random
growth” (e.g. Wold and Whittle, 1957, Benhabib et al., 2011, Jones, 2015, Piketty and Zucman,
2015, Moll et al., 2022). While these models are able to obtain closed-form formula for the effect of
changes in Pareto inequality, this is only informative about the asymptotic behavior of top wealth
shares, both with respect to time (long-run) and with respect to wealth (right-tail). I will stress
that these results can be very uninformative about the deviation of top wealth shares at a given
time or at a given top percentile.

My analytical approach provides closed-form formulas for the transition dynamics of top
wealth shares in response to (small) changes in the growth rate of individual wealth. These for-
mulas improves on the existing literature, that typically resort to numerical method (Kolmogorov-
Forward equation) or simulations to compute the response of top wealth shares to aggregate
shocks. Moreover, my results on the transition path of top wealth shares complements Gabaix
et al. (2016), Luttmer (2016), and Atkeson and Irie (2022), who characterize analytically the con-
vergence of densities according to global norms (e.g. the integral of the absolute difference, or
the difference in moments). For the case of a mechanical effect in the growth rate of wealth, I
show that one key statistic is the gradient of age with respect to wealth. This relates this paper
to Luttmer (2011) who computes this gradient in a model of firm growth and compares it with
the data. This result also has an antecedent in Saez and Zucman (2019), who studies the effect of
an increase in billionaire taxation on the average wealth of future billionaires. In particular, they
express the long-run effect of a tax rate on the average number of years that fortunes spend at the
top, which is similar to the type of results I obtain in Section 2.

Finally, the paper contributes a more reduced-form literature that computes counterfactuals
on wealth inequality. One widespread approach, started with Saez and Zucman (2016), is to use
an accounting decomposition of wealth in top percentiles assuming that the set of households in
the top percentile remains the same over time (see Martinez-Toledano, 2020 or Mian et al., 2020
for applications). The accounting framework discussed in the last section of the paper can be seen
as a version of this approach that takes seriously the effect of composition changes. While the
difference between the two does not matter much in the short-run (say, a few years), it can lead

to dramatically different results in the longer-run (say, a few decades). In spirit, my accounting



framework is more closely related to the exercises done by Feiveson and Sabelhaus (2018) and
Ozkan et al. (2023), who take into account the effect of changes in the economic environment via
the lifetime trajectory of individuals in the top. The approach of my paper to compute counterfac-
tuals is also related from an influential literature in labor economics, that focuses on quantifying
the effect of changes in individual characteristics (e.g. gender, union membership, skills) on in-
equality using re-weighting methods (see, for instance DiNardo et al., 1995, Firpo et al., 2009 and
Fortin et al., 2011). Instead, my paper focuses on quantifying the effect of small changes in the
dynamics of individual wealth (e.g. income, returns, bequests), holding fixed the set of individual
characteristics.”

At a general level, this paper contributes to the growing work employing first-order approxi-
mations to characterize economies with a large degree of micro heterogeneity — see Chetty (2009)
and Kleven (2021) for a review of this approach in public finance, Costinot and Rodriguez-Clare

(2014) in trade, and Bagaee and Rubbo (2023) or Auclert et al. (2018) in macroeconomics.

Roadmap. The paper is organized in three sections. Section 1 characterizes the response of the
average wealth in a top percentile in terms of the average response of individual wealth in the top
percentile. Section 2 uses this fact to analyze the response of top wealth shares to perturbations in
the dynamics of individual wealth in random-growth models. Section 3 leverages these results to
calibrate a model of wealth accumulation and use it to trace out the dynamics of top wealth shares

under various counterfactual scenarios.

1 General framework

In this section, I study the response of top wealth (or income) shares to general changes in the
economic environment. In Section 1.1, I emphasize that the response in the average wealth in a
top percentile can always be decomposed into an intensive margin (the average wealth response
of individuals in the top percentile) and an extensive margin (the response in the composition of
individuals in the top percentile). I then use this decomposition to characterize the response of the

average wealth in the top percentile for small perturbations in Section 1.2.

1.1 Large perturbation

Consider an economy indexed by time ¢ € R with a continuum of individuals indexed by i. As-
sume that the cumulative distribution function of wealth is absolutely continuous and increasing,
with a finite average.” Denote W; ; the wealth of individual 7 at time ¢. Consider a given top per-

centile p (say, the top p = 1%), and denote Q;(p) the quantile corresponding to the top percentile

2 discuss more precisely the relationship between the two approaches in Appendix A.3.
3This implies that the density of wealth is well defined and positive everywhere. I discuss how to extend the results
to wealth distributions without density in Appendix A.



p at time ¢:
P(Wir > Qi(p)) = p 1)

Denote W;(p) the average wealth in the top percentile p:

Wt(P) = IE[Wi,t’Wi,t > Qt(P)]- (2)

Consider a change in the economic environment compared to a baseline scenario (e.g. devi-
ation in technology or asset prices) indexed by 0, starting from time t = 0. For any economic
variable Y; in the baseline economy (such as individual wealth, quantile, or average wealth in the
top), denote Y;(6) its value in the perturbed economy indexed by 6 and AY; = Y;(0) — Y;(0) its
difference between the counterfactual and the baseline economies. It is important to keep in mind
that A represents a vertical deviation (i.e. with respect to a perturbation) rather than a horizontal
change (i.e. a change with respect to time). To visualize this, Figure 1 plots an example for the

wealth path of some individual i over time, in the baseline economy and the perturbed one.
\
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Figure 1: Baseline (solid) and perturbed (dashed) wealth path for some individual

I am interested in the effect of this deviation on the average wealth in the top percentile. I
will focus on the response of the average wealth in the top percentile for two reasons. First, it is
typically the object measured and reported in existing models of inequality. Second, requirement
for differentiability of the average wealth are typically lower relative to quantiles. Finally, note
that the knowledge of the response of all top wealth shares is equivalent to the knowledge of
the response of the whole distribution. By definition, the deviation in the average wealth in top
percentile is:

AW(p) = E [Wis + AW Wi + AW > Qi(p) + AQ:(p)] — E[Wit| Wir > Qi(p)]-

One important fact is the perturbation typically changes not only the wealth of individuals ini-

tially the top percentile, but also the set of individuals in the top percentile (in the baseline versus



perturbed economy). To disentangle between the two effects, it is useful to add and subtract
IE[WZ',t + AW,-,t

average wealth in top percentile as:

Wi > Q:(p)] in the right-hand side of this equation to rewrite the deviation in the

AWi(p) = E [AWy[Wir > Qi(p)]
Intensive margin

+E Wi + AW Wi + AWi s > Qi(p) + AQi(p)] — E Wiy + AW,

)

Wi > Qi(p)].

Extensive margin

This equation expresses the deviation in the average wealth in a top percentile is the sum of two
distinct terms. The first term, the “intensive” margin, corresponds to the average deviation in the
wealth of individuals projected to be in the top percentile at time ¢ in the baseline economy. The
second term, the “extensive” margin, captures the effect of the perturbation on the composition
of individuals in the top percentile. It is equal to the difference between the average perturbed
wealth of individuals that are in the top percentile in the perturbed economy and the average
perturbed wealth of those that were in the top percentile in the baseline economy. By definition,

of top percentiles, this term is always greater or equal than zero.

1.2 Small perturbation

We now assume that individual wealth is differentiable with respect to the size of the deviation 6.
Assumption 1. The function 0 — Wi, ;(0) is in C! for all individuals.*

When this assumption is satisfied, we denote dW;; = W/ ,(8) d6. This assumption restricts the
set of economic deviations to the ones that generate smooth changes in individual wealth. For
instance, this assumption allows for deviations in the economic environment that affect the size of
individual wealth jumps; however, it rules out deviations that affect the probability of this jump
happening. One way to think about this assumption is that it allows for deviations that change the
realization of wealth across different state of natures, not for deviations that change the probability
of these states happening.”

While the first assumption ensures that deviations in wealth are first-order in 6, the second
assumption ensures that the mass of individuals that enter or exit is first-order in 0. Together,

these two assumptions ensure that the extensive margin in (3) is second-order in 6.

Proposition 1 (First-Order Approximation). At the first-order in 8, the deviation in the average wealth
in a top percentile is:
dWi(p) = E [dW;: Wi > Q:(p)].

4Here, and in the rest of the paper, I use C¥ to denote the set of functions that are differentiable k—th times with
continuous derivatives.

5G¢ill, this more general case could be handled using similar techniques as in Gomez (2023). However, in this case,
composition changes would become first-order, as some individuals experience discontinuous changes in wealth in
response to small changes in the economic environment




This proposition says that the first-order deviation in the average wealth in a top percentile is
simply given by the average wealth deviation of individuals in the top percentile. Relative to the
expression for the non-infinitesimal deviation (3), this proposition says that one can abstract from
the extensive margin: the first-order effect of a shock on the average wealth in a top percentile can
be computed as if the set of individuals in the top percentile remained the same in the perturbed
economy. This is very convenient, both analytically (as one does not need to take into account
re-ranking effects), but also empirically (as one only needs data on the effect of the perturbation

on the wealth of individuals currently in the top)

Composition changes over time. This proposition characterizes the entire impulse response
function of the wealth distribution, from its instantaneous response t = 0 to its long-run response
t — oo. Despite the simplicity of the formula, note that there is an important subtlety: what mat-
ters for the response of the average wealth in the top percentile at some horizon t is the average
wealth response of individuals who will be in the top percentile at time £, not the response of those
who are initially in the top at ¢t = 0. Mathematically:

dWi(p) = E [dWi;[Wi; > Qi(p)] # E [dWi[Wig > Qo(p)] - (4)

The impulse response of the average wealth in a top percentile is not the average impulse response
of individuals initially in the top percentile. Formally, the difference between the two can be

rewritten as:

dWi(p) — E [dW;;[Wio > Qo(p)] = P(Wir < Qi(p)|[Wip > Qo(p))
X (B [dWi[Wir > Qi(p), Wip < Qol(p)] — E [dW:|Wir < Qi(p), Win = Qo(p)]) -

The difference between the two terms (the right-hand-side) is the product between the two terms:
(i) the fraction of individuals in the top percentile at t = 0 who exit it between 0 and t and (ii) the
difference between the wealth response of individuals that enter and those that exit between 0 and
t. One can expect this wedge to increases with the horizon t, as more and more people exit the top
percentile over time. To represent this fact, Figure 2 plots the fraction of individuals in the Forbes
400 that remains in the list after f years. As shown in the figure, this fraction quickly declines with
the horizon: after ten years, only half of individuals originally in the top percentile remain in it.
This emphasizes the importance of taking seriously the effect of composition changes over time
when thinking about the effect of a perturbation at horizons longer than a few years. One way to
summarize this discussion is that, while composition changes in the top percentile induced by the
perturbation are first-order in 6, composition changes induced by the normal passage of time are

not.°

60ne could think that the reason for this fact is, while the size of the perturbation is infinitesimal, the horizon ¢ is
not. However, even in continuous-time, composition changes remain first-order with respect to the time horizon, as,



Fraction individuals staying in top percentile

Years

Figure 2: Fraction of individuals remaining in the Forbes 400 list over the horizon

Notes: The figure plots the fraction of individual in the Forbes 400 that remain in the top after t years. More precisely, for each t, I
compute the average of a dummy variable equal to one if the individual remains in the top after  year, and zero if not. Confidence-
intervals are obtained using two-way cluster-robust standard errors at the year and individual level.

Deviation in top wealth shares. I now extend Proposition 4 to derive a similar formula for the
deviation in the log average wealth in top percentiles in terms of the deviations in log individual

wealth. Dividing Proposition 1 by W;(p) and rearranging gives:
dlog Wi(p) = E™it [dlog Wi :|[W;; > Q:(p)]. (5)

In words, the log deviation for the average wealth in the top percentile is the wealth-weighted
average log deviation of individuals in the top percentile. Working with logarithms is particularly
useful to express the deviation in top wealth shares, as S¢(p) = pW¢(p)/W;(100%) implies that
the log deviation in the top wealth share is the difference between the log deviation for the average

wealth in the top and in the economy, i.e.
dlog S;(p) = E™" [dlog Wi [Wi: > Qi(p)] — E" [dlog Wi,]

Deviation in quantiles. As shown in the proof of Proposition 1 in Appendix A, the idea that

composition changes do not matter at the first order also works for quantiles; that is,

dQi(p) = E [dW;:[Wir = Qi(p)] .-

In the rest of the paper, however, I focus on the average wealth in top percentiles shares in the rest
of the talk as they are typically easier to work with, both theoretically and empirically. But it is
important to realize that the methods and formula that I obtain allow to characterize the deviation

in the entire distribution of wealth over time.

typically, individual wealth paths are non differentiable with respect to time.



Higher-order terms.  For now, we have focused on the first-order effect of a perturbation. In
Appendix A.2, I study the deviation in the average wealth in the top percentile beyond the first-
order. More precisely, I obtain the following second-order approximation:

8T () = ELAWI W, > Qulp)] + 5 LDV (aw W = QU]+ o),
where V denotes the cross-sectional variance of the deviation in individual wealth. This expres-
sion provides a second-order approximation for the extensive margin, making it possible to assess
the importance of second-order effects due to composition changes, both theoretically and empir-
ically. In particular, note that the second-order term increases with the density of households at
the percentile threshold and with the variance of wealth deviations at the percentile threshold, as
both increase the importance of composition effects. Second-order terms are typically small for

wealth distributions that are as unequal as in the data.

Relaxing the assumption of differentiability. For now, we have focused on the common case
in which the deviation in wealth due to the perturbation is differentiable in the perturbation size
 (Assumption 1). In reality, some perturbation may generate non-differentiable or event discon-
tinuous changes in individual wealth. For instance, a change in corporate taxes may change the
decision of being a worker and an entrepreneur, generating discontinuous changes in individual

wealth. I discuss the effect of such counterfactuals on top wealth shares in Appendix A.3.

2 Application to models of random-growth

The previous section expressed deviations of the average wealth in top percentiles in terms of
deviations in the wealth of top individuals. I now use this result to characterize the impulse
response of top wealth shares to shocks in individual wealth.

I focus on random growth models inequality, which are commonly used in the literature as
they can generate realistic distributions for highly skewed economic variables such as wealth,
income, firm size or city size. Focusing on statistical models of wealth allows me to maintain
a fairly large degree of generality while abstracting from specific economic considerations (as
discussed below, a lot of different economic models can give rise to random-growth models).
Section 2.1 studies the case where individual wealth follows a random walk with some probability
of wealth dissipation (e.g. death). Section 2.2 studies the case where individual wealth follows a
random walk plus some additive shock (e.g. labor income). Finally, Section 2.3 discusses my

results in the context of the existing literature.
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2.1 Model with dissipation shocks

Setup. In this section, I assume that individual wealth follows a random walk until they die (or,
more generally, suffer a dissipation shock), in which case their wealth resets to an initial value.

More precisely, I assume that individual wealth evolves as a random walk
Witi1 = Aip1Wig, (6)

until they suffer a “dissipation shock”, in which case wealth is “reset” to some positive random
variable B; ;1. One natural interpretation of this dissipation shock is death or population growth,
but the concept is more general.7 I assume that both A;; and B;; are positive almost-surely, which
implies that wealth remains positive. Importantly, and this is a key generalization relative to exist-
ing random-growth models, I allow the joint distribution of the initial wealth B; ;, the growth rate
of wealth, A;; and of the dissipation shock to be arbitrarily correlated over time, and, potentially,
to be time and individual specific.®

Such processes have also been used to model the law of motion of wealth (e.g. Piketty and
Zucman, 2015, Jones, 2015, Moll et al., 2022, Gomez and Gouin-Bonenfant, 2024), income (e.g.
Jones and Kim, 2018), and firm size (e.g. Luttmer, 2011). One micro-foundation for such process
is that agents have homothetic utilities, earn stochastic returns on their wealth R; ;. 1, and no labor
income, in which case consumption is proportional to wealth.”

I now consider a perturbation in the realized path of individual growth rates (dlog A;s)o<s<t-
The next proposition applies the general equation (5) obtained in the previous section to this par-

ticular setup to characterize the resulting deviation in the average wealth in the top percentile:

Proposition 2. Consider an arbitrary perturbation in the realization of growth rates (dlog A;s)1<s<t in

(6). The resulting deviation of the average wealth in the top percentile is:

t
dlog Wi(p) = E™t Y dlog Ais| Wiy > Qi(p) |,

s=max(1,t—a;;+1)

where EVit denotes the wealth-weighted expectation with respect to the wealth distribution and a; ; denotes

the age of the individual (number of years since last dissipation shock).

In words, this proposition says that the log deviation of the average wealth in the top percentile

"We will discuss more precisely how to treat bequests and dynasties in Section 3. See Moll et al. (2022) for other
interpretations.

8The only important condition for the results below is that (i) a perturbation to log wealth at time s transmit one-to-
one to time ¢ in the absence of dissipation shock and (ii) the resulting distribution of individual wealth at time ¢ satisfies
the smoothness assumptions described in the previous section.

“More precisely, the law of motion of wealth is W; ;1 = R;;11W;; — C; ;41. With homothetic utilities, consumption
is linear in wealth C;;1 = pW;; and so we obtain (6) with A;;11 = R;;11 — p. Alternatively, one can allow for the
existence of tradable labor income, in which case the same result follows after redefining W; ; to be the sum of financial
wealth and human capital. I refer the reader to these papers for more details on such micro-foundations.
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is the wealth-weighted average of the sum of the past perturbation of growth rates experienced
by individuals in the top percentile. This expression highlights the cumulative nature of wealth,
which depends on all prior innovations. One key point is that the deviation in log W;(p) depends
on all the previous perturbations in the growth rate of these top individuals, not just the ones that
happened when they already were in the top percentile.'’

The expression obtained in Proposition 2 is very general. To understand the intuition, it is
useful to consider a few specific cases. For the sake of simplicity, I assume that the baseline distri-

bution is stationary.'!

One-time uniform perturbation in growth rates. I first focus on the case of a one time uniform
increase in individual growth rates at time ¢t = 1 by dy; that is, dlog A;; = dul;—;. In this case,
Proposition 2 implies:

dlog Wi (p) = P"it (a; > t|{W; > Q(p)) dp.

The key takeaway is that the effect a one-time uniform perturbation depends on the fraction of
households in the top percentile with an age higher than t. In particular, note that at t = 1 we
get du while at t — oo, we get zero. Note that, in the absence of dissipation shocks (e.g. infinite-
horizon model), the effect of the shock would be permanent. Dissipation shocks, hence, are key to

generate transitory effect of transitory perturbations in wealth dynamics.

Permanent uniform perturbation in growth rates. Inow focus on the case of a permanent uni-
form increase in individual growth rates by dy; that is, dlog A;; = udf. This increases the log
wealth of individual i at time ¢ by min(t, a;;) dp, where min(t,a;;) corresponds to the number of
periods in which individual i experienced these higher growth rates. The resulting deviation for

the average wealth in a top percentile is a weighted average of these individual deviations:
dlog Wi(p) = E" [min(t, a;)|W; > Q(p)] du. @)

The key takeaway is that the distribution of ages in the top percentile acts as a “sufficient statistic”
for the effect of a uniform increase in growth rates on the average wealth in a top percentile. Put
differently, while the exact specification of the model (e.g.the distribution of growth rates A;; and
dissipation shocks, or the extent to which they vary over time, between ages, or across types of
agents) matters for the counterfactual effect of a change in individual growth rate on the wealth
distribution, it only matters through the effect that it has on the joint distribution of wealth and
age in the baseline economy.

This equation implies the following expression for the instantaneous effect (t = 0) and long-

0This is related to our discussion of (4) in the previous section.
1T All results would go through with a time-varying baseline distribution, but one would need to distinguish # and ,
the number of years since the start of the perturbations.
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run effect (f — oo0) of this permanent uniform increase in growth rates:

dlog Wi(p) = dp
lim dlog Wi(p) = E™ [a)|W; > Q(p)] dp

In words, the short-run elasticity of the average wealth in the top percentile is one while its long-
run one is given by the average age in the top percentile. The higher the average age in the top, the
longer individuals in the top benefit from these higher growth rates, and, therefore, the larger the
resulting deviation in their wealth. The flip-side of this observation is that, the higher the average
in the top, the longer it takes for top wealth shares to converge to their long-term values. Note
that, in the absence of dissipation shocks (e.g. infinite-horizon model), the relative change in the
average wealth in top percentiles after ¢ period would simply equal t dy; that is, it would grow
without bounds with the horizon. Dissipation shocks, hence, are key to generate finite long-run
elasticities of average wealth in top percentiles to changes in individual growth rates.'?

I now turn to the implication of these results for the log deviation of the top wealth share S; =
pWi(p)/Wi(100%). As discussed in the previous section, taking logarithms and differentiating
gives that the log deviation of the top wealth share is simply given by the difference in the log
deviation of the average wealth in the top percentile and the log deviation of the average wealth

in the economy. As a result (7) implies
dlogSi(p) = (E™ [min(t,a;)|W; > Q(p)] ~ E™ [min(t,;)]) dp.

In particular, on impact (at t = 0), we get dlog S1(p) = 0; that is, there is no effect on a uniform
change in growth rates on top wealth shares. In contrast, in the long-run, lim; ., dlog S;(p) =
(EY: [a;]W; > Q(p)] — E"i [4;]) dp: a uniform increase in growth rate affects top wealth shares
through the gradient of age with wealth. In random-growth models, agents at the top of the
wealth distribution tend to have higher ages (since dissipation shocks reverts wealth back to its
initial value), and so this quantity is typically positive. However, we will see below how the

gradient of age differs drastically across models.

Type-specific perturbation. I discuss another special case that is commonly encountered in the
inequality literature: an increase in the growth rate of only one type of agents (e.g. Luttmer,
2012 or Gabaix et al., 2016). The resulting deviation in the average wealth in the top percentile
at t depends on the (wealth-weighted) number of periods that individuals in the top percentile
have spent in this specific type starting from time ¢t = 0. In particular, the short-run elasticity of
the average wealth in the top percentile to a type-specific increase in growth rates is the fraction

of individuals in this top percentile that are currently of this type. Its long-run elasticity is the

12The idea that dissipation shocks (e.g. overlapping generation models) are important to generate finite elasticities
of capital to interest rates is well-known in the literature. See, for instance, Piketty and Saez (2013) or Moll et al. (2022).
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average number of periods that individuals in the top percentile have spent in this type over their
lifetimes.

Note that the average wealth in a top percentile responds more to a uniform increase in in-
dividual growth rates. However, the opposite may hold for top wealth shares; in particular, an
increase in the growth rate of the type of agents making it to the top of the distribution will tend
to generate faster and larger changes in top wealth shares relative to a uniform increase in the

growth rate of all agents. This distinction is typically very important quantitatively.

2.2 Generalized models

The model discussed in the previous section is very stylized: on the one hand, it assumes perfect
persistence of wealth within each lifetime, while, on the other hand, there is zero persistence of

wealth across lifetimes. I now show that similar formulas obtain in more complex models.

Models with additive shocks. I now assume that individual wealth evolves according to a
Kesten (1973) process:
Wirr1 = AippiWip + Bipyr (8)

This type of process has been used to analyze the distribution of city size (e.g. Gabaix, 1999) as
well as the distribution of wealth (e.g. Benhabib et al., 2011, Gabaix et al., 2016, Saez and Zucman,
2016). I assume that A;; > 0, B;; > 0, and I allow the distribution of (A; 11, Bi++1) to be serially
correlated, and to potentially be time and individual specific.'?

To make this process a strict generalization of the model above, one can also allow the existence
of a “dissipation shock”, in which case wealth at time ¢ is simply reset to B; ;.

One micro-foundation for such process, in the context of wealth, is to consider a model in
which individual wealth evolves as W; ;11 = R;j;41Wi; + Yit+1 — Cis1, where R; ;41 denotes the
return on existing asset, Y;;1 denotes labor income, and C;;,; denotes consumption. Assum-
ing that consumption is linear in wealth; that is, C; ;11 = a;;41W; + b; 141, the law of motion of
individual wealth takes the form (8) with A;;11 = R; 141 — aisy1and Bis1 = Vi1 — bi/t+1.14

I now consider a sequence of perturbation in the realization of growth rates (d log A; s)o<s<:-'
The next proposition applies the general equation (5) obtained in the previous section to this par-

ticular setup to characterize the resulting deviation in the average wealth in the top percentile.

13 Again, the only condition is that the resulting distribution of individual wealth at time ¢ satisfies the smoothness
assumptions described in the previous section.

14Gych a model is used in Benhabib et al. (2011), Gabaix et al. (2016), and Saez and Zucman (2016), among others.
In Benhabib et al. (2011), agents have homothetic utility, live for one period, and are endowed with a mix of previous
cohort wealth W; ; and human capital Y;; 1, and so optimal consumption is proportional to W;; + Y; ;1 1. In Gabaix et
al. (2016), consumption is assumed to be proportional to wealth. In Saez and Zucman (2016), consumption is assumed
to be proportional to the sum of labor and capital income.

15Tt would be trivial to also incorporate deviation in the realization of the additive process (dlog B; s )o<s<i-
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Proposition 3. Consider an arbitrary perturbation in the realization of growth rates (dlog A; s)o<s<t in

(8). The resulting deviation of the average wealth in the top percentile is

Zt: ]i[<1—Bi'”> dlog A
s=0 \u=s Wi "

As in Proposition 2, this proposition says that the log deviation of the average wealth in the

dlog Wi(p) = EW

Wi > Qt(P)] : )

top percentile is the wealth-weighted average of the sum of the past perturbation of growth rates
experienced by individuals currently in the top percentile. The important distinction, however, is
that the extent to which past wealth shocks are discounted over time depends on the relative im-
portance of the additive force B;; in the level of wealth W; ;. Intuitively, the higher the magnitude
of B;; relative to wealth, the lower the effect of past shocks in wealth on current wealth.

At the top of the wealth distribution, one can expect the additive force to converge to zero
relative to wealth, which means that the model generates substantially the same result as the

model with only dissipation shocks.

General statistical processes. We can generalize the results obtained in the main text to much
more general statistical processes for wealth. More precisely, under regularity conditions, the

deviation for log wealth admits a moving-average (MA) representation; that is,

L 9log Wi,

dlogW,, =
& Wit szoalogwi,S

de; ;.

where de; ; denotes the direct effect of the perturbation on log wealth at time s. The process
dlog W;;/dlog W, is called the “first-derivative process” for log wealth, and it reflects the extent
to which shocks in wealth persist over time. The assumption for this moving average representa-
tion to hold is that this process decays quickly enough. Combining this equation with Proposition
1 gives the resulting change of the average wealth in a top percentile as the cumulative sum of

past perturbations in relative wealth times the first-derivative process for log wealth:

— t dlog W;
dlog W;(p) = EWit —5 Ul ge W, >
g t(p) s;g alog Wi/s 1,5‘ l,t - Qt(p)

Different statistical processes for wealth then lead to different expressions for this first-derivative
process. Figure 3 plots the first-derivative process for the two models discussed above as a func-
tion of s. Both decay over time, reflecting the fact that the persistence of wealth shocks is less than
one. In the first model, this is due to the dissipation shocks, while, in the second model, this is due
to the presence of additive shocks.

Note that, in a model in which portfolio returns increase with wealth (as in the model with

non-homothetic preferences in Gaillard et al., 2023), the first-derivative process for log wealth
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may be higher than one for some time, before decaying due to death or some other negative force.
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Figure 3: Elasticity of present wealth (time t) to prior wealth (time s) in random-growth models.

Notes: The figure plots the elasticity of wealth at time t with respect to wealth at time s < t, dlog W;,/dlog W, as a function of
s. In the model where wealth follows a random walk with dissipation shocks (6), this elasticity is given by dlog W;;/dlogW;; =
1s> t—ay;- In the model where wealth follows a random walk with additive shocks (8), this elasticity is given by dlog W;;/dlog W; s =

[T, _si1 (1= Bis/Wis). The area under these curves determines the elasticity of current wealth to a uniform change in past growth
rates.

2.3 Comparison with results on tail indices

The core result of this section was the derivation of closed-form formulas for the impulse response
of top wealth shares to perturbations in the dynamics in individual wealth. I now discuss how
these formulas relate to the existing results in the literature on random-growth models. In partic-
ular I focus on two types of results: (i) analytical characterization of the tail index of a distribution,
and (ii) analytical characterization of the transition dynamics of a distribution toward its steady-

state.

Results on tail indices. I now briefly emphasize the advantage of my approach relative to the
existing literature on inequality, which tends to focus on analytical characterization for tail indices.
When wealth follows a random growth model of the type discussed in Section 2.1 or 2.2, one can
often show that, under additional condition of stationarity, the distribution of wealth has a right

Pareto tail; that is,'°
logW(p) ~ —(1/7) x logp asp — 0. (10)

where { denotes the tail index of the wealth distribution. Consider a permanent perturbation in
the distribution of these growth rates starting from time ¢ = 0. In this case, one can typically show
that the perturbed wealth distribution remains Pareto and obtain an analytical formula for the

resulting deviation in the tail index (see Appendix B.1 for examples). This analytical characteriza-

16Here, and in the rest of the paper, I use f(p) ~ g(p) as p — 0 to denote lim, o f(p)/g(p) = 1.
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tion implies the following characterization for top wealth shares:”

lim dlog W;(p) ~ —dlog{ x logW(p) asp — 0, (11)

t—o0

The key takeaway is that, while a deviation in the tail index is informative on the asymptotic be-
havior of top wealth shares, it only characterizes the asymptotic deviation in top wealth shares in
the long-run (t — o) and in the right tail (p — 0).!® This is much less precise than the expressions
obtained in Proposition 2 or Proposition 3, that characterize the deviation of the average wealth in
the top at any given time horizon t and at any given top percentile p. In fact, I discuss in Appendix
B.1 how focusing on the response of the tail index can be very uninformative about the actual re-
sponse of top wealth shares, even in the long-run. In particular, my analytical results characterize
the response of top wealth shares to the wide range of perturbations that affect top wealth shares
without affecting tail indices (e.g., perturbations that only impact individuals for a finite amount
of time periods) and they do not require that the baseline wealth distribution is stationary nor that

it obeys a Pareto shape.

Results on transition dynamics. Luttmer (2012) and Gabaix et al. (2016) study the transition
dynamics of the wealth distribution following (non-infinitesimal) changes in the law of motion
of individual wealth. However, these papers are only able to characterize the rate of decay of
moments of the wealth distribution or of its L! norm. In contrast, my results directly characterize
the dynamics of top wealth shares."

The results in my paper sheds light on the main findings of these papers, which is that,, while
random-growth models with uniform types take a long time to converge after a uniform pertur-
bation in growth rates, models where some agents grow very fast do a better job. My results shed
light on why: as seen in Equation 7, the lower the age at the top, the faster the average wealth
converges to its long-run value. However, the flipside of this is that, the lower the age at the top,
the less there is an increase in the average wealth in the top percentile relative to the economy:.
Put differently, the average age at the top controls both the transition speed of a top percentile
following a permanent deviation in growth rates and its long-run deviation.

Hence, this result links two important observations in the inequality literature: Gabaix et al.
(2016)’s emphasis that standard random growth models generate slow transition dynamics that
are too slow relative to the data and Luttmer (2011)’s emphasis that they imply an average age in

top percentile that is too high relative the data.

7Formally, (10) implies lim—co dlog W (p) ~ —({72dZ) logp ~ —(¢~1dZ)logW(p) as p — 0.

181f the wealth distribution is exactly Pareto, then there is a one-to-one mapping between the tail index and the level
of top wealth shares. However, most existing models of wealth inequality only imply that the wealth distribution has
a Pareto tail, consistently with the data. One exception is models where individual wealth follows a random walk with
a reflecting barrier at some lower level of wealth.

190ne downside of this approach, however, it that it only characterizes small deviations in the wealth distribution.
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Determinants of age. The formulas obtained in this section represent the dynamics of top wealth
shares in terms of endogenous quantities (the distribution of age across the wealth distribution,
rather than the distribution of growth). I explore the determinants of these endogenous quantities
in Appendix B.1. I show that, in a large class of random-growth models, the average age increases
linearly with log wealth, with a slope equal to the inverse of the derivative of the cumulant gen-
erating function (CGF) of the growth rate of wealth taken at the tail index. Intuitively, the more
convex the CGF is, the higher the dispersion in growth rates across individuals, and, therefore,
the less time it takes for the most successful individuals to reach top percentiles. In particular, a
model in which the growth rate of individual wealth has a high skewness or kurtosis (potentially
because some individuals experience higher growth rates over long periods of time, a la Luttmer,
2011) is a model in which the luckiest households reach the right tail of the distribution pretty
quickly, and, therefore, in which top wealth shares respond less to a given increase in individual

growth rates.

24 Comparison with calibrated models.

I now report the distribution of age in existing calibrated models in the literature. I focus on
examining three models of inequality, which are all particular instances of the model with dis-
sipation shocks discussed in Section 2.1: Gabaix et al. (2016), Moll et al. (2022) and Gomez and
Gouin-Bonenfant (2024).

Table 1: Age distribution in existing models

Top 100% Top 0.01%
Moll et al. (2022) 26 134
Gabaix et al. (2016) 37 85
Gomez and Gouin-Bonenfant (2024) 10 22

Notes: The table reports the wealth-weighted average effect of a 1pp. uniform increase for individual wealth, which corresponds to
the wealth weighted average age in each top percentile (i.e. number of periods since last dissipation shock), see Proposition 2.

The table reports the average age of households across the wealth distribution. The average
“age” of households in the top 0.01% (number of periods since dissipation shock) ranges from 22
in Gomez and Gouin-Bonenfant (2024) to 134 in Moll et al. (2022). Given the formulas obtained
above, this implies that the long-run elasticity of top wealth shares to a uniform change in the
growth rate growth rate of individuals differs by an order of magnitude across models.

The key takeaway is that, despite the fact that these models match similar cross-sectional mo-
ments about the wealth distribution (e.g. level of top wealth shares), they have vastly different
implications on the relationship between wealth and age, and therefore, on the effect of a given

increase in individual growths rate on inequality.
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3 Application to calibrated models of wealth inequality

Up to now, my framework described the impulse response of top shares for any distribution.
Because I focused on statistical models of inequality, these results can apply to distribution of
labor income, city size, or wealth distribution. I now focus on the wealth distribution. Here, I use
my framework to dissect the effect of asset price shocks on the wealth distribution in a state-of-

the-art model with heterogeneous agents.

3.1 Model description

I consider the following law of motion of wealth for household i between t and t + 1 is:
Witi1 = RipraWip + Bipr1 + Y1 — Cipga, (12)

where R; ;11 > 0 denotes the return on wealth, Y; ;1 > 0 denotes labor income, B; ;1 > 0 denotes
bequests received, and C;;,; denotes consumption. With some probability, individuals die, at
which point their wealth is redistributed as inheritance to their children.

Linearizing this equation and solving backward gives the deviation in log wealth at some point

t as the cumulative sum of past perturbations in returns, labor income, and bequests.

Proposition 4. The effect of a one-time asset price shock on the average wealth in the top percentile is given

by:

dlog W(p) = EM

t B: Y. —C:

( I1 (1 — +V\;'S Cis +MPCi,C>> “i,o‘wi > Q(P)] du,
s=max(0,t—a;—1) s

where MPC;; = 9C;s/0W,; denote the average and marginal propensities to consume out of wealth,

respectively.

This proposition expresses the deviation in consumption at some present time as a sum of
the direction deviations in previous wealth. That the persistence of these perturbations on wealth
depend on the relative importance of labor and bequest on wealth, as well as the marginal propen-
sity to consume out of wealth. Assuming that the remaining perturbation are not causally related,
this expression allows one to trace out the effect of returns, labor income or bequests using the
historical path of the labor income and bequest to wealth ratios of households.

There is a normal decay over time due to the importance of labor income relative to financial
wealth. There is also a discrete discounting that happens when receiving bequest: receiving a large
inheritance decreases the effect of the household own returns received prior to this inheritance
while increasing the effect of the parents own returns. Finally, note that the model implies that the
persistence of returns is very small for individuals at the bottom of the wealth distribution, but
very high for individuals at the top of the wealth distribution (for which labor income represents

an infinitesimal fraction of current wealth.)
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Figure 4: Elasticity of present wealth (time ) to a shock in prior wealth (time s) in the model.

Notes: The figure plots the elasticity of wealth of household i at time t with respect to wealth of household j at time s < t,
dlogW;;/dlog Wjs, as a function of s. In blue is the case j = i (household’s own wealth), and in red is the case where j leaves a
bequest to i (parents” wealth). The sum of the area under these curves can be interpreted as the elasticity of current wealth to a uni-
form change in past growth rates.

3.2 Data construction

Proposition 4 allows us to compute the effect of changes in returns on changes in household wealth
as long as we can observe the historical path of their labor income, inheritance and wealth. I
now discuss the data I use to construct a measure of the lifetime path of labor income, wealth,
bequest received by households in top percentiles for the U.S. from a combination of the Survey
of Consumer Finances (SCF) from 1989 to 2016 and Forbes 400 in years.

Since the SCF does not report the previous income and wealth for individuals currently in top
percentiles, I use a “synthetic cohort” approach where I construct the average income and wealth
across top percentiles within each cohort, and I then construct the lifetime path of each agent by
assuming that agents remain in their relative percentiles over their lifetimes (as in the “pseudo-
panel” approach of Feiveson and Sabelhaus, 2019). I set the labor income of households in Forbes
400 to zero. I define the age of a household as the age of the household head minus 25.

Finally, I construct a measure of bequest received across top percentiles by using the total be-
quest distributed over their lifetimes as reported in SCF (which reports the amount and the year of
the three biggest inheritance or in-vivo transfer received over the household’s lifetime). Finally, to
compute the average labor income to wealth ratio of parents, I assume that, with probability half,
they are in the same top percentile (within their cohorts) as their children, while, with probability
half, they are randomly drawn from the population. For households in Forbes, I classify individu-
als manually into three categories: self-made, heirs, and in-between. I assume that the inheritance
to wealth ratio at the time of inheritance is zero for self-made fortunes (60% of observations), 1 for

heirs (24% of observations), and 0.5 for people in between (16% of observations).
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3.3 One-time increase in asset returns

I now use the methodology to compute the impulse response of top wealth shares to a one-time
increase in asset returns (as opposed to a permanent increase in returns). One key result is that
these shocks tend to have very persistent effect on top wealth shares.

Figure 5a reports the effect of a one-time 10% increase in equity returns. The short-run impact
at t = 0 is large, which reflects the fact that households in top percentiles are more exposed to
equity returns than the average household in the economy. My estimates are consistent with the
reduced-form exposures from Kuhn et al., 2020 and Gomez, 2017. The key contribution of this
methodology is to evaluate the longer-run effect of these asset returns on top wealth shares. In
particular, one striking fact is how persistent the response is for Forbes 400. This reflects the fact
that a substantial portion of individuals in Forbes 400 inherit their wealth; as a result, the impact

of increased equity returns extend beyond the lifetimes of the original equity holders.
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Figure 5: Effect of a one-time increase in asset returns on top wealth shares

Figure 5b reports the effect of a one-time 10% increase in housing returns. Top wealth shares
drop, which reflects the fact that top households hold less housing than the rest of the distribution
(see, for instance, Kuhn et al., 2020, Greenwald et al., 2022, Martinez-Toledano, 2020, ...). How-
ever, the effect of an increase in housing returns is much less persistent than the effect of equity
returns. This reflects the fact that wealth shocks tend to be much less persistent at the bottom of
the wealth distribution, as a larger fraction of the wealth for the average household in the econ-
omy comes from capitalized labor income, which dampens the effect of past returns on capital on

current wealth (see Proposition 4).

21



3.4 Permanent increase in asset returns

To visualize the data construction, Table 2 reports the implied long-run elasticity of wealth to
changes in individual growth rate, computed recursively from (4). If individuals receive no inher-
itance and if labor income is an infinitesimal fraction of their wealth, this corresponds literally to
the age of individuals, as in the model with dissipation shocks discussed in Section 2.1. Relative
to this baseline, the presence of labor income tends to decrease the persistence of wealth shocks

while the presence of bequests tends to increase them.

Table 2: Long-run elasticity of wealth to returns implied by the data

Household age Taking into account Taking into account
(Baseline) bequests bequests & labor income
Top 100% 33 37 26
Top 10% 34 38 28
Top 1% 35 38 31
Top 0.1% 36 40 35
Top 0.01% 37 44 39
Top 400 39 59 49

Notes: The table reports summary statistics on the wealth-weighted distribution of age in top percentiles of the U.S. economy. Data
from the Survey of Consumer Finances and Forbes 400 from 1989 to 2016.

The first column of the table reports the elasticity from (4) that one would obtain without
taking into account inheritance of labor income; i.e., defining the age of the household as the
household head’s age minus 25, as discussed above. Note that the gradient of average age across
the distribution is almost zero. This almost zero gradient implies that without bequests and labor
income, changes in individual returns would not affect top wealth shares. The second column
of the table adjusts for bequests, i.e. reports the elasticity obtained from (4) while still setting
Y;, = 0. This increases the elasticity of wealth at the top since richer households tend to receive
larger bequests. The third column of the table then also accounts for the relative importance of
labor income by reporting the full formula (4). This tends to decrease the average elasticity of
wealth at the bottom since labor income constitutes a large fraction of their wealth every period.
Overall, I find that the gradient of “age” becomes much steeper once one accounts for inheritances
and labor income.

I now briefly compare my estimates for the long-run elasticity of individual wealth to changes
in individual growth rates to the range of estimates implied by the existing literature discussed
in Section 3. In average, my estimates are lower then existing calibrations. One way to interpret
this evidence is that Moll et al. (2022) and Gabaix et al. (2016) effectively overestimate the role
of dynastic wealth in top percentiles while Gomez and Gouin-Bonenfant (2024) underestimate it
relative to the U.S. data.

As summarized by Piketty and Zucman (2015), most models of wealth inequality imply that

an increase in the average return of wealth increases wealth inequality (or, at least, the thickness of
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its right tail). However, there is still substantial uncertainty on how large the effect of an increase
in the average return on wealth on top wealth inequality actually is. I now use (4) to compute the
response of top wealth shares to a permanent increase in asset returns.

Figure 6a plots the result for a 1pp uniform increase in the growth rate of wealth. In the first
few years, the effect of an increase in the return on wealth is almost zero. As discussed in Section
2.1, this occurs because all individuals in the economy experience this higher growth rate; hence,
top wealth shares do not react. Still, top wealth shares start increasing after a few years. There is
“fanning-out” of top wealth shares which reflects the fact that agents at the top of the wealth dis-
tribution benefit relatively more from higher growth rates, as reported in Table 2. The underlying
reason is that the effect of a given increase in asset returns is much more persistent for agents at the
top of the wealth distribution than for the average agent in the economy. Overall, I find that, after
60 years, a 1pp increase in the return on individual wealth increases the share of wealth owned by
the top 0.01% by 0.1 log points. Note, however, that this increase is relatively small compared to
the overall rise in top wealth inequality since 1980, which amounts to approximately 1 log point
(Saez and Zucman, 2022)

Figure 6b plots the increase in the average return of only one type of assets, public and private
equity. Relative to the previous experience, this increases the return of each agent by 1pp times
the share of wealth invested in equity. Relative to the previous experiment, we observe an im-
mediate increase in top wealth shares, reflecting the fact that individuals at the top of the wealth
distributions disproportionately hold equity. We can see that, relative to the previous experiment,
top wealth share increase faster and with a bigger magnitude. Overall, a 1pp increase in the return
on equity increases the top 0.01% by 0.2 log points, which is twice as much as the effect of a 1pp

increase in the overall return on wealth.

o
w
N

0.37

o
M)
h

0.2

o
o
L

0.1+

a s

Response of top wealth shares (log)
Response of top wealth shares (log)

o
)
I

0 20 40 60 0 20 40 60
Horizon (years) Horizon (years)
‘— 10% 1% 0.1% 0.01% Top 400 ‘ ‘ — 10% 1% 0.1% 0.01% Top 400 ‘
(a) 1pp. increase in returns on all assets (b) 1pp. increase in returns on equity

Figure 6: Effect of a permanent increase in returns on top wealth shares
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Conclusion

The key insight of this paper is that, for a wide range of counterfactuals, the first-order response of
top wealth shares at some horizon t is determined by the wealth response at time ¢t of individuals
projected to be in the top percentile at time t. I leverage this insight to obtain clean formulas for
the impulse response of top wealth shares in a wide range of random-growth models. I then use
these results as a diagnostic tool to analyze counterfactuals implied by existing models of wealth
inequality. I also use them as as an accounting framework to compute the dynamics of top wealth
shares under various counterfactual scenarios.

Overall, this paper provides a flexible and transparent methodology to analyze the effects
of economic shocks on wealth inequality. This methodology could help both reduced-form and
structural approaches to strengthen the credibility of computing responses of the wealth distribu-

tion to counterfactual changes in the economic environment.
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Appendix

A Appendix for Section 1

A.1 Proof of Proposition 1

Proof of Proposition 1. The proof is in two steps. In the first, I relate the deviation of density of
wealth to the deviations in individual wealth. For any function f € C! defined on R that decays
quickly enough with wealth, the cross-sectional average of f(W;;) in the counterfactual economy

can be expressed in two ways:

[P0 (1 (W) + Bgi (W) dW = [ EIF(Wig + AW, [ Wys = Wig(W)aw,

where g; denotes the density of wealth at time ¢ in the economy and d denotes the usual dif-
ferential operator with respect to wealth (not the differential operator with respect to the size of
the perturbation). Subtracting both sides by the cross-sectional average of f(W;;) in the baseline

economy gives:
[ WA W)AW = [ ELF(W,i+ AW,1) = F(Wy1) [ Wis = WIAP Wiy < W).

Dividing by 0 and taking the limit & — 0 gives

J SO dg (W)W = [ /(W )E[AW, Wi, = Wig(W)dW. (13)
Integrating by parts gives

[ W= dG W))W = [ £ (W)ELdW, [ Wi = Wigi (W)dW.
Since this holds for any continuous function f’, this must hold at every point, which implies
dGi(W) = —E[dW;;|Wi; = W]g (W) (14)

where G; denotes the cumulative distribution function for wealth at time t. Note that this equation
is similar in spirit to Kolmogorov-Forward equation, except that instead of characterizing the
derivative of the CDF with respect to time ¢, it characterizes the derivative of the CDF with respect
to the perturbation size 6.

In the second step of the proof, I use this result to obtain the deviation in the average wealth
in the top percentile. Applying the implicit function theorem on the definition of the top quantile
(1) gives:

1 o0
dQ:(p) = ~a(Qi(p)) /Q,@) Ag (W)dw. £
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Differentiating the definition of the average wealth in the top percentile (2) gives:

_ 1 o 1
dWi(p) = 2 Joi Wdgi(W)dW — EQt(P)gt(Qt(P)) dQ«(p)
1 o0
- /Q o, (= Qulp)) g (W)aw
1 o
op /Qm AGW)AW.

where the last line uses integration by part. Substituting out dG;(W) using (14) gives the result

_ 1 o
dW,(p) = ~ / E[dW; :|W;, = W]g:(W)dW.
P JQ:(p)
Additionally, combining (15) with (14) gives a similar formula for the infinitesimal deviation
in quantiles:

dQi(p) = E[dW;:|Wi; = Q:(p)].

A.2 Higher-order terms

Non-infinitesimal deviation. I now derive a second-order approximation for the deviation in
the average wealth in the top percentile. One can integrate the expression obtained in Proposition

1 to obtain an expression for a non-infinitesimal change in policy 6

AT(p) = [ [, (a) Wis() > Qi(p )] (16)

u=0

This expression differs from the first-order approximation obtained in Proposition 1 as the set of

individuals in the top percentile (i.e., for which W;,;(u) > Q(u)) changes along the policy path.

Second-order approximation. One can approximate the integral (16) using the trapezoid rule to

obtain a second-order approximation for the counterfactual change in top shares:

AW, (p) = %(IE [AW; [ Wis > Qi(p)] + E [AW;1|[Wi s + AW; s > Qi(p) + AQi(P)]) +0(6%). (17)

This second-order approximation expresses the change in the average wealth in the top percentile
as the average of two terms: the average wealth deviation of households who are in the percentile
in the baseline economy, E [AW;;|W;; > Q:(p)] and the average wealth deviation of households
who are in top percentile in the perturbed economy, E [AW; ;|W; ; + AW;; > Qi(p) + AQ:(p)]. Ttis
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straightforward to rewrite (17) to obtain:?

AW (p) =E [AW;1|W;; > Q:(p)]

+ %(IE [AW; (| Wip + AW > Qi(p) + AQ:(p)] — E [AW;4 Wiy > Qi(p)] ) +0(6%).

The first term corresponds to the intensive margin defined in (3); hence, the second term corre-
sponds to a leading-order approximation of the extensive margin defined in (3). It is equal to half
of the difference between the average deviation of people that enter the top percentile in the per-
turbed economy, relative to the baseline economy, and people that exit it. The next proposition
gives an analytical expression for this term in terms of the variance of the deviation in wealth

across individuals.

Proposition 5 (Second-Order Approximation). Assume that the function 0 — W;(0) is in C? and
that W — (E[0W;,], E[OW?]) is continuous. Then, the deviation in the average wealth in a top percentile

1s:

AWi(p) = E[dW; + %dzwi\wi,t > Qi(p)l + ;gt(Q;(p))wdeWi,t = Qi(p)] +0(6%),

Intensive margin Extensive margin
where V denotes the cross-sectional variance of the deviation in individual wealth.

Proof of Proposition 5. Differentiating (13) at the second order in 6 gives

1
[ AN (W)W = [ (£ WIELEWL W, = W]+ 3 (WIE (W, = W] ) (W),
Integrating by parts the right hand side gives

P EgWyaw = [ FW){ = an (LW, Wy, = Wigu(W))

+ %aww (E[(dwi,t)z Wi = W]gt(W)) }dW.

20Comparing this term with the exact extensive margin defined in (3) implies that the reminder — the term denoted
by 0(6?) —is:

1 1
E {Wi,t S AW Wi + AW = Qi(p) + AQt(P)} —E [Wi,t + AW

Wi > Qt(P)} .

This term, which is third-order in 6, corresponds to the average wealth of people that enter the top percentile (averaged
before and after the perturbation) minus the average wealth of people that exit the top percentile. Relative to the second-
order term, this term captures the asymmetry of the deviation in average wealth for entering and exiting agents: we
can expect this term to be close to zero when the density of agents is close to constant around the threshold and the
distribution of wealth deviation is symmetric.
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Since this holds for any continuous function f, this must hold pointwise; hence,
d2gi (W) = —dw (E[Wis|Wis = WIgi(W)) +dww (EI(dW;)* Wiy = Wigi(W))  (18)

Now, differentiating the deviation of top wealth shares at the second-order in 6 gives

2747 _ 1 * _ 2 _ 1 *
EWp) = /Q (W= Q) P (W)W — - dQu(p) /Q  dgi(W)aw
I B 2 _ 8:(Qe(p)) 1 * ?
T p /(Qt(P)(W Qi(p)) &g (W)dW p <8t(Qt(P)) /pr) dgt(w)dw) '
Combining with (14) and (18) gives
EWp) = [ (W= Qu(p)){ ~ 2w (ELEW Wy = W (W)

T Oww (E[(dwi,tf W, = W] gt(W)> }dw

~ 81(Qe(p)
p

1 o 2
<gt(Qt(P)) /pr) (= 0w (E[dW; [ Wi = Wig:(W))) dW>

Integrating by parts gives

d*W,(p) :; /Q oj(p) E[d*W;¢|W;; = W]g (W)dW + gt(th(p))]E [(dwz-,t)2 (Wi = w]
_ gf(Qf(p))]E [dwit‘w't _ W]Z
p o

B[ > Q)] + 2 i w = Qi) 19)
Now, a second-order Taylor approximation for AW; gives:
_ _ 1 1
AWi(p) = dWi(p) + 5 &*Wi(p) +0(6%)

Substituting out the expressions for dW; obtained in Proposition 1 and for d?W; obtained in (19)
gives:
— 1 1
AWt(p) =E dWi,t + E dZWi,t|WZ-,t > Qt(p) + ZWV[dWi|Wi’t = Qt(p)] + 0(92),

which concludes the proof. O
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Log deviation. We can divide Proposition 5 by W;(p) to obtain the following second-order ap-

proximation for the relative deviation in the average wealth in a top percentile:

}gt(Qt(ﬁ))Qt(P)zv
2 pWi(p)

Intensive margin O(6) Extensive margin O(6?)

AWi(p) _ pw, [DWir
W,

Wt(P) Wi > Qt(P)} +

s = Q)| o). 0

it

Note that this expression is similar in spirit to the core result of Gomez (2023), who characterizes
the instantaneous growth rate of the average wealth in the top percentile in terms of the dynamics
of individual wealth (the key difference is that, here, I focus on changes w.r.t. § rather than with
respect to time).

In particular, note that, when the wealth distribution in the baseline economy has a Pareto tail,
we have ¢:(Q:(p))Q:(p)/ (pWi(p)) — C — 1 where  is the tail exponent of the wealth distribu-
tion. Hence, holding other things equal, second-order effects are lower when the baseline wealth
distribution is higher. Intuitively, a higher level of inequality reduces both churning around the
percentile threshold as well as the effect of this churning on the average wealth beyond the top
percentile. Quantitatively, { ~ 1.5 for the U.S. wealth distribution, which implies that while the
first-term (the intensive margin) is equal to the average relative deviation in wealth, the second-
term (the extensive margin) is equal to a fourth of the variance of the relative deviation in wealth.
Hence, we can expect this second-order effects to be relatively small.

One can rewrite (20) to obtain a second-order approximation for the deviation in the log aver-

age wealth in a top percentile:
e AW(p)
Alog W(p) = log (1 + =7
Wi(p)
AW;
_ Wi 1,t
= log <l +E [W-

1,t

Wi ZQt(p)} ;g*( P(W)tz )( Py ﬁvvi] +o(92)>

1gt(Qt( )Qi(p)*, [AWis
Wi > Qt(p)}) 5 W) \Y% [ Wi, ] +0(02)
lgt(Qt(P))Qt( )2
2 W)

Intensive margin O(0) Extensive margin O(6?)

AW;
=lo (1 + EWir [“t
8 Wit

[Alog W] +0(6%).

— log IEW,‘,[ |:€A log Wi,t

Wi > Qt(P)] +

Note that the “intensive” margin log EVit [e2108 Wit |W; ; > Q;(p)] is typically larger than the change
in the average log wealth EVit[Alog W;;|W;; > Q:(p)] (the first-order term in Equation 5) due to
Jensen inequality: since log is a concave function, the logarithm of the average deviation is always

higher than the average of the log deviation.
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A.3 Case where individual wealth is non-differentiable in the size of the perturbation

In the main text, we have focused on the common case in which the deviation in wealth due to
the perturbation is differentiable in the perturbation size 6 (Assumption 1). In reality, some per-
turbation may generate non-differentiable or event discontinuous changes in individual wealth.
For instance, a change in corporate taxes may change the decision of being a worker and an en-
trepreneur, generating discontinuous changes in individual wealth.

Still, one can still characterize the first-order response of the average wealth in the top per-
centile as long as the set of individuals for which 6 — W; () is not differentiable is, itself, in-
finitesimal. Under this assumption, the average wealth in the top percentile is still differentiable
in 0 and we have:

dWi(p) = dE [(W;:(8) — Qi(p)) ] -

This expression is related to Firpo et al. (2009), who focuses on estimating the effect of changes in
individual characteristics on inequality.

We can get something closer to Proposition 1 by distinguishing between the set of individuals
with differentiable and non differentiable wealth. Formally, denote N'D the set of individuals for
which AW;; is not differentiable at 0. The first-order response in the average wealth in the top

percentile is:

dWi(p) = E [dW;li ¢ A'D] + lim °F [(Wf'f(GA)e_ Q) Ipi e Arp)

A.4 Extension to more general cumulative-distributive function
A.5 Comparison with differentiated Kolmogorov-Forward equation

I now briefly discuss my results relative to an alternative approach, which would study the effect
of perturbations in the economy on the wealth distribution by differentiating the Kolmogorov-
Forward equation (for instance, Auclert et al., 2021). Suppose that, in the baseline economy, the

distribution of wealth evolves according to
Gir1 = Tia G

where G; denotes the CDF of the wealth distribution and T, denotes a linear operator encoding
the law of motion of individual wealth between t and ¢ + 1. Differentiating the previous equation

with respect to a perturbation of wealth dynamics starting from t = 0.

de—l—l = Tf-l—l th + (th+1) Gt
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Solving this recurrence relationship backward gives:

t t
dG; =) ( I Tu> (dTs)Gs—4
s=0 \u=s+1

The term (dT;)Gs-1 corresponds to the change in the distribution of wealth at time s due to the
perturbation in the law of motion of individual wealth dTs. The effect of this deviation at time s
on the distribution at time # is then mediated by the operator [T,_.; Ty, which captures how an
initial distribution dissipates over time. While this equation can be useful to compute first-order
deviations in the wealth distribution in terms of first-order deviations in the linear operators T,
is it less useful to characterize concretely top wealth shares (which is the object we observe in the
data).

B Appendix for Section 2

Proof of Proposition 2. In this model, individual wealth is positive almost sure. Hence, taking logs
and differentiating (6) with respect to an arbitrary sequence of perturbations for the growth rate

of wealth (dlog A, ;)s<: gives the following recurrence relation for f > 0:

dlog A; +dlog W; if a; > 1
dlog Wit = & Ait+1 g Wit it+1 =

ifaj1=0
Iterating backward gives the perturbation of individual wealth at time ¢ as the cumulated sum of
all previous shocks in the growth rate of wealth:
t
dlogW;; = Y. dlog A;.
s=max(0,t—a;;+1)

Plugging this expression into (5) gives the result. ]

Proof of Proposition 3. In this model, individual wealth is positive almost sure. Hence, taking logs
and differentiating (8) with respect to an arbitrary sequence of perturbations for the growth rate

of wealth (dlog A;;)s<: gives the following recurrence relation for t > 0:
Bijt11
d log Wi,t+1 =(1- ft ) (d log Wi,t -+ d log Ai,t+1)
Lt+

Iterating backward gives the perturbation of individual wealth at time ¢ as the cumulated sum of
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all previous shocks in the growth rate of wealth:

t t ,
dlogW;; = 2 (H (1 — V%:,)) dlog A;s.

s=0 \u=s

Plugging this expression into (5) gives the result.

B.1 Relation to existing results on tail indices

I now briefly compare my approach to the existing literature that focuses on characterizing tail

indices.

Tail index. I now add a certain number of assumption to the model to ensure that the distri-
bution in the baseline economy is stationary with a Pareto tail. Assume that individual wealth
follows the law of motion (6), that the probability of death faced by each individual is constant
over time and equal to J, and that the distribution of log A; ; is i.i.d. Then, it is well known that
the distribution of wealth has a Pareto tail with tail index { given by the unique positive number
satisfying:

log E [Agt} =0.

Similarly, if individual wealth follows the law of motion (8), that the distribution of A;; isi.i.d.
with E[log A; ;] < 0, and that the distribution of Y ; is i.i.d with thin tails, then it is well known that
the distribution of wealth has a Pareto tail with tail index { given by the unique positive number
satisfying:

log E [Af,] =o0.

Deviation in tail indices. In both cases, consider a permanent perturbation in the law of motion
of individual wealth. Differentiating the expressions above tells us that, if the perturbed wealth

distribution is also Pareto, then the resulting deviation in the tail index is:

EA [dlog A, ;]
]EAig/f [log A; 4]

dlogl = —

¢
where E*ir denotes the distribution of growth rates “tilted” by Ag "
Physical interpretation of tilted distribution. As discussed in Touchette (2009), the distribution

of growth rates that is exponentially tilted by Aft can be interpreted as the distribution of prior

growth rates conditional on being the top. Indeed, combining the previous equation with Propo-
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sition 2 implies

‘ t EA% [dlog A
EWit Z dlog Ais|Wir > Qi(p)| ~ [dlog A, ]

- logW¢(p) asp — 0.
s=t—a;;+1 B [log A; ]

In the particular case of a uniform increase in growth rate, this implies

log W

B [0y, Wig > Qu(p)] ~ — B
E“it [log Aj ]

asp — 0.
This expression shows that the lifetime average “speed” of individuals in the right tail is asymp-
totically equal to the average growth rate of wealth in the distribution that is tilted by AE . thatis,
EA [log A; 4]

One can easily see that EA [log A; ;] can also be seen as the derivative of the CGF function of
log growth rates at {; that is,
dlog | A, |

ag

Now, it is well known that the CGF can be written as a Taylor expansion of cumulants; that is

EA [log Aj] =

log]E[Agt] ={u+ %6202 + %@ - skewness - 0> + 21—464 -kurtosis - o* + . ..

where 1, 0, skewness, kurtosis to the mean, standard deviation, skewness, and kurtosis of log A; ;.
Hence, the ‘speed” of individuals reaching the right tail of the wealth distribution can be rewritten

as the derivative of that expression with respect to ¢:

log W

EYit [a; ,|W;; > ~
931 Wir 2 Qi(p)] yu+ o2+ 572 - skewness - 03 + £0° - kurtosis - 0% + ...

asp — 0.

Hence, for a given tail index, a higher mean, variance, skewness and kurtosis lead to a faster
wealth path to top percentiles. Note that, in the case in which log growth rates are serially corre-
lated over time, these cumulants should be understood as the derivatives of the scaled cumulating

generating function.?!

Serial correlation. All these results can be easily extended to models with serial correlations be-
tween individual growth rates (or models with type-specific distributions of growth rates), which

is an important pattern in the data. In this type of model, Saporta (2005) and Beare and Toda (2022)

2IThatis, { — limr_,c 7 log E [Hle Aft]
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show that the tail index is characterized by

lim % log E = .

T—o0

L
IT45
t=1

Differentiating this expression gives:

IEHL] Atg,t |:ZLT=1 d log Ai,t}

dlo = — llm ’
g g T—o0 ]El‘[tll Ai‘z/t [Zthl log Ai,t}

This type of expression is obtained by Gomez and Gouin-Bonenfant (2024). Note that this equation
implies that perturbating uniformly the growth rate of all agents in the economy generates the
same change in the tail index as perturbing the growth rate of only one type of agents (the type
reaching the right tail of the distribution). Yet, we discussed in Section 2 how an increase in the
growth rate of agents that end up at the top of the wealth distribution typically generates much
larger changes in top wealth shares relative to a uniform increase in the growth rate of all agents in
the economy. This type of distinction cannot be picked up by tail indices, as they only characterize
the asymptotic deviation in top wealth shares as p — 0. This point illustrated that focusing on
changes in tail indices can sometimes be very unhelpful to characterize the actual movements in

top wealth shares.

C Appendix for Section 3

C.1 Proof of Proposition 4

Proof of Proposition 4. Consider a one-time perturbation in return, income and bequest at time s <

t. Given (12), this creates the following perturbation in wealth:

Yit1+Biti1 —Cirr
Witi1

dlog W1 = (1 — > (dlog R;t+1 + dlog Wi;)

Y B; Ci
+ il g log Yit1 + il g log Bj 11— . log Cit41-
i1 Wit Wit+1

Now, assuming that consumption is realized after return is realized but before income and bequest

are and defining MPC as derivative of consumption w.r.t. post return wealth, we have:

Ciit1 Wi
—— dlog C; = —MPC; ~—dlog W;
Wit og Lt it+1 X Wit 0og Wit
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Combining with the previous equation gives

Yiii1+ Bir — C; Y; B;
Wi i1 Wit Wit
_ (1 ~ Yirr1 + Bipt1 — Cipr1 — MPCipq X Wi,t> dlog W;,
Wit v

In the continuous-time limit we can approximate MPC; ;1 WW:J: R MPC,; 11, which gives the

result.
O

C.2 Equalizing average asset returns across asset classes

As pointed out in Piketty (2014), one contributor to wealth inequality, beyond the average return
on assets, is also the fact that richer households tend to own asset classes with higher average
returns. One open question, however, is to assess magnitude of this effect. Put differently, how
much lower would top wealth shares be if the average return was equalized across equity, hous-
ing, and debt? My framework provides a simple way to answer this question. Figure C1 plots the
result of computing a counterfactual where I assume that the average return of every asset class
(debt, equity, and housing) gets equalized starting from some time t = 0. I find that, over the
long-run, the wealth share of the top 0.01% would decrease by 0.4 log points after sixty years (i.e.
a decrease of approximately 30%). The drop is even more pronounced for households in Forbes
400, who almost hold 100% of their wealth in equity (see Gomez, 2017 for more evidence).
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Figure C1: Effect of equalizing returns across asset classes on top wealth shares
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D Comparison with synthetic accounting framework.

A commonly used approach in the literature is that, after specifying a model of wealth dynamics
such as (4), is to assume that this applies for a “synthetic” individual in the top percentile; that is,
that there is no composition changes in the top percentile over time.

Seen through the framework, this approach can be interpreted as assuming that there is perfect

bequest (i.e. each individual in the top percentile inherits from parents in the same top percentile).
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Figure D2: Comparison to naive accounting framework

Since this is not the case in the data, this type of framework this will tend to increase the
persistence at the top, and generate large long-run elasticity of top wealth shares (and in particular,
infinite ones if Y/W = 0. Int he short-run, however, there is no big difference between the two (as

most of the people remain in the top over a small time horizon).
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